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Abstract. Using the Gro¨bner basis of an ideal generated by a family of polynomials we
prove that every planar graph is 4-colorable. Here we also use the fact that the complete
graph of 5 vertices is not included in any planar graph.
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Consider a planar graph G with n vertices. Between two any vertices there
is at most one edge. We want to color the vertices of G by 4 colors such
that no two vertices connected by an edge are colored the same way. We
let ζ = i ∈ C be the 4th primitive root of unity (i4 = 1) . Let x1, x2, · · · , xn
be variables representing the distinct vertices of the graph G. Each vertex
is to be assigned one of colors 1, i, i2, i3. This means that x4k − 1 = 0 for
k = 1, 2, · · · , n. Moreover, if xj and xk are connected then x
3
j +x
2
jxk+xjx
2
k+
x3k = 0. Let I be the ideal generated by Pk = x
4
k − 1 for k = 1, 2, · · · , n
and Qj,k = x
3
j + x
2
jxk + xjx
2
k + x
3
k if xj and xk are connected. We should
prove that I 6= C [x1, x2, · · · , xn] . In fact, the complete graph of 5 vertices
1
is not included in any planar graph. Not every Qj,k is a generator of I.
Therefore, the set of generators of I is not so large. Now we induct on
n. Assume that every planar graph of n − 1 vertices is 4−colorable. Now
consider a planar graph G of n vertices. If some vertex of G has degree
less than 4 then G is clearly, 4−colorable. Hence, we assume that vertex
of G has degree larger than 3. Let xn be the vertex of smallest degree
and let x1, x2, · · · , xk be vertices connected with xn. Here, k is the degree
of the vertex xn. Thus, k ≥ 4. Without loss of generality we assume that
x1, x2, · · · , xk are colored by 4 distinct colors. Now assume for the sake
of a contradiction that In = C [x1, x2, · · · , xn] . That is a real ideal In−1 of
C [x1, x2, · · · , xn−1] together with Pn = x
4
n−1 and Qj,n = x
3
n+x
2
nxj+xnx
2
j+x
3
j
for j = 1, 2, · · · , k generates the whole ring C [x1, x2, · · · , xn] . We can write
1 = (x4n − 1)ϕ0+
k∑
j=1
(
x3n + x
2
nxj + xnx
2
j + x
3
j
)
ϕj + f (x1, x2, · · · , xn−1) where
f ∈ In−1 and ϕj ∈ C [x1, x2, · · · , xn] for j = 0, 1, 2, · · · , k.
Acknowledgement. Deepest appreciation is extended towards the NAFOSTED (the
National Foundation for Science and Techology Development in Vietnam) for the financial
support.
References
[1] W. Adams and P. Loustaunau, An introduction to Gro¨bner basis, AMS
1996.
[2]
2
